A new perspective on Gravity and the dynamics of Spacetime by Padmanabhan, T.
ar
X
iv
:g
r-q
c/
05
10
01
5v
2 
 2
7 
Ju
n 
20
06
A New Perspective on Gravity
and the Dynamics of Spacetime
T. Padmanabhan
IUCAA, Post Bag 4, Ganeshkhind, Pune - 411 007, India
Email: nabhan@iucaa.ernet.in
Abstract
The Einstein-Hilbert action has a bulk term and a surface term (which
arises from integrating a four divergence). I show that one can obtain
Einstein’s equations from the surface term alone. This leads to: (i) a
novel, completely self-contained, perspective on gravity and (ii) a concrete
mathematical framework in which the description of spacetime dynamics
by Einstein’s equations is similar to the description of a continuum solid
in the thermodynamic limit.
In general relativity, one can distinguish between the kinematics (spacetime
tells matter how to move) and the dynamics (matter tells spacetime how to
curve). The geometric description of the kinematics arises quite elegantly from
the principle of equivalence[1]. To obtain the dynamics, which depends on
the choice of the action principle, one uses the Einstein-Hilbert Lagrangian
LEH ∝ R which has a formal structure LEH ∼ R ∼ (∂g)2 + ∂2g. If the
surface term obtained by integrating Lsur ∝ ∂2g is ignored (or, more formally,
canceled by an extrinsic curvature term) then the Einstein’s equations arise
from the variation of the bulk term Lbulk ∝ (∂g)2 which is the non-covariant Γ2
Lagrangian.
On closer inspection, this procedure raises several questions (see the reviews,
[2]). To begin with, it does not have the elegance or uniqueness, possessed by
the geometric description of the kinematics. Second, in no other field theory
(including Yang-Mills) does the symmetries of the theory lead to a Lagrangian
involving second derivatives of the dynamical variables; it is clearly unusual.
Third, the action is a window to the quantum theory and one might suspect
most of the difficulties in quantising gravity might be due to quantising the
wrong action functional based on wrong fundamental variables; it is possible
that continuum spacetime is like an elastic solid (see eg. [3]) and what we should
be quantising is the ‘atomic structure’ of spacetime. Finally, in using Lbulk to
obtain the dynamics, we are also assuming tacitly that the gravitational degrees
of freedom are the components of the metric and they reside in the volume V .
But recall that, around any event, one can choose a local inertial frame so that
Lbulk ∝ (∂g)2 vanishes since ∂g vanishes. On the other hand, one cannot make
Lsur ∝ ∂2g part to vanish by any choice of coordinates suggesting that [4] the
true degrees of freedom of gravity for a volume V reside in its boundary ∂V .
(This is most easily seen by evaluating the action in Riemann coordinates in
which the bulk vanishes and only Lsur contributes).
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This point of view is also strongly supported by the study of horizon entropy,
which shows that the degrees of freedom hidden by a horizon scales as the area
and not as the volume. If this view is correct, it must be possible to obtain
the dynamics of gravity from an approach which uses only the surface term of
the Hilbert action. Indeed, we will show that suitable variation of the surface
term will lead to Einstein’s equations and that we do not need the bulk term
at all !. What is more, we will first obtain the surface term itself from general
considerations thereby providing a new, self-contained and holographic approach
to gravity.
We begin by noting that, in any spacetime, there will exist families of ob-
servers (congruence of timelike curves) who will have access to only part of the
spacetime. Let a timelike curve Xa(t), parametrized by the proper time t of
the clock moving along that curve, be the trajectory of an observer in such a
congruence and let C(t) be the past light cone for the event P [Xa(t)] on this
trajectory. The union U of all these past light cones {C(t), all t} determines
whether an observer on the trajectory Xa(t) can receive information from all
events in the spacetime or not. If U has a nontrivial boundary, there will be
regions in the spacetime from which this observer cannot receive signals. The
boundary of the union of causal pasts of all the observers in the congruence —
which is essentially the boundary of the union of backward light cones — will
define a causal horizon H for this congruence. The well known examples are
observers at r = constant> 2M in the Schwarzschild spacetime or the uniformly
accelerated observers in flat spacetime. This causal horizon is dependent on the
family of observers that is chosen, but is coordinate independent.
Any class of observers, of course, has an equal right to describe physical
phenomena entirely in terms of the variables defined in the regions accessible to
them. The action functional describing gravity, used by these observers (who
have access to only part of the spacetime) will depend on variables defined on
the region accessible to them, including the boundary of this region [5]. Since
the horizon (and associated boundaries) may exist for some observers (e.g.,
uniformly accelerated observers in flat spacetime, r = constant > 2M observers
in the Schwarzschild spacetime ...) but not for others (e.g, inertial observers in
flat spacetime, freely falling observers inside the event horizon, r < 2M , in the
Schwarzschild spacetime ... ), this brings up a new level of observer dependence
in the action functional describing the theory. It must, however, be stressed that
this view point is completely in concordance with what we do in other branches
of physics, while defining action functionals. The action describing QED at 10
MeV, say, does not use degrees of freedom relevant at 1019 GeV which we have no
access to. Similarly, if an observer has no access to part of the spacetime, (s)he
should be able to use an action principle using the variables (s)he can access,
which is essentially the philosophy of renormalisation group theory translated
from momentum space into real space. The physics of the region blocked by
the horizon will be encoded in a boundary term in the action. We shall now
determine this boundary term.
Since we would like the action to be an integral over a local density, the sur-
face term must arise from integrating a four-divergence term in the Lagrangian
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and such a surface term (in the Euclidean sector, which we shall consider first)
will have a generic form:
Asur =
∫
V
d4x
√
g∇aUa (1)
The vector Ua has to be built out of: (i) the normal ui to the boundary ∂V
of the region V , (ii) the metric gab and (iii) the covariant derivative operator
∇j acting at most once. (The last restriction arises because the equations of
motion should be of no order higher than two.) The normal ui is defined only
on the boundary ∂V but we can extend it to the bulk V , forming a vector field,
in any manner we like, since the Asur only depends on its value on the boundary.
Allowing the action to depend on ui (in addition to gab) introduces a foliation
(observer) dependence, though Asur is still generally covariant. A non trivial
consistency requirement on our approach is that the dynamical equations which
we finally obtain should be independent of ui; we will see that this is indeed
fulfilled.
Given these conditions, there are only four possible choices for U i, viz.
(uj∇iuj , uj∇jui, ui∇juj, ui). Of these four, the first one identically vanishes
since uj has constant norm; the second one — which is the acceleration ai =
uj∇jui — gives zero on integration since the dot product with the normal on
the boundary vanishes: uiU
i = aiui = 0. Hence the most general vector U
i we
need to consider is the linear combination of ui and Kui where K ≡ −∇iui is
the trace of the extrinsic curvature of the boundary. Of these two, U i = ui will
lead to the volume of the bounding surface which we can ignore. (It merely adds
a constant to K and retaining it does not alter any of our conclusions below).
Thus the surface term (arising from Kui) must have the form
Asur ∝
∫
V
d4x
√
g∇i(Kui) = 1
8πG
∫
∂V
d3x
√
hK (2)
where G is a constant to be determined (which has the dimensions of area in
natural units with c = h¯ = 1) and 8π factor is introduced with some hindsight.
The form of Asur, of course, is familiar but we have determined it from general
considerations and not through the Einstein-Hilbert action.
More importantly, (−Asur) has the physical interpretation of the entropy
attributed to the horizon[2] by these observers. Working in the Euclidean sector,
near any static horizon one can set up the Rindler coordinates which has the
Euclidean extension (with τ = it):
ds2E ≈ N2dτ2 + dN2/κ2 + dL2⊥ (3)
where κ is the surface gravity (see e.g., section 2 of ref.[2]). This covers the region
outside the horizon (N > 0) with the horizon mapping to the origin; disregarding
the the region inaccessible to the observers outside the horizon is equivalent to
removing the origin from the τ −N plane. The contribution from the boundary
of this region can be obtained by evaluating Asur on a surface infinitesimally
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close to the origin and taking the limit. Consider a surface N = ǫ, 0 < τ < 2π/κ
and the full range for the transverse coordinates; for ǫ → 0, this surface is
infinitesimally away from the horizon in the Euclidean space described by Eq.(3)
and has the unit normal ua = κ(0, 1, 0, 0). Its contribution to Asur in Eq.(2) is
the integral of K = −∇aua = −(κ/ǫ) over the surface:
Asur = − 1
8πG
∫
d2x⊥
∫ 2pi/κ
0
dτǫ
(κ
ǫ
)
= −1
4
A⊥
G
(4)
which is (minus) one quarter of the transverse area A⊥ of the horizon, in units
of G. This contribution is universal and — because it is independent of ǫ —
the limit ǫ→ 0 is trivial. Since the surface contribution is due to removing the
inaccessible region, it makes sense to identify (−Asur) with an entropy. (The
sign in Eq.(2) is chosen with G > 0 since we expect — in the Euclidean sector
— the relation exp(−AEuclid) = expS to hold, where S is the entropy.)
The Asur, expressed as an integral over the extrinsic curvature term is closely
related to the negative of the surface term of the Einstein-Hilbert action:
Asur,EH =
1
16πG
∫
V
d4x∂c[
√−gQ bcda Γabd] =
1
16πG
∫
∂V
d3x
√−gncQ bcda Γabd
(5)
where Qa
bcd = (1/2)(−δcagbd + δdagbc). They agree on a specific gauge and their
variations always match when metric is fixed on the surface. All the previous
comments related to entropy continue to hold with this surface term and we
shall hereafter use this term.
Given that Asur is related to the entropy, its variation has direct thermody-
namic significance. To obtain the dynamics of spacetime continuum, we will take
the total action Atot for matter plus gravity to be the sum of Asur+Amatter[φi, g]
where Amatter[φi, g] is the standard matter action in a spacetime with metric
gab. The φi denotes some generic matter degrees of freedom; varying φi will
lead to standard equations of motion for matter in a background metric and
these equations will also ensure that the energy momentum tensor of matter T ab
satisfies ∇aT ab = 0.
We will now prove the key result of this paper: Einstein’s equations arise
from the demand that Atot = Asur +Amatter should be invariant under virtual
displacements of the horizon normal to itself. The physical interpretation is
discussed after the mathematical derivation.
Let V be a region of spacetime such that part of the boundary of the space-
time ∂V is made up of the horizonH. (For example, in the Schwarzschild metric
we can take V to be bounded by the surfaces t = t1, t = t2, r = 2M, r = R > 2M .
Whenever necessary, we will approach the horizon as a limit of a sequence of
timelike surfaces like r = 2M + ǫ with ǫ → 0.) Consider an infinitesimal coor-
dinate transformation xa → x¯a = xa + ξa(x), where ξa(x) is nonzero only on
the horizon and is in the direction of the normal to the horizon (which makes
it a null vector). This transformation induces a (virtual) displacement of hori-
zon normal to itself, leaving the other bits of the boundary intact. The metric
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changes by δgab = ∇aξb +∇bξa and the matter action changes by
δAmatt = −1
2
∫
V
d4x
√−gTabδgab = −
∫
V
d4x
√−g∇a(T ab ξb) (6)
where we have used the fact that ∇aT ab = 0, which arises from the equations of
motion for the matter. Next, we need the explicit form of (δAsur/δg
ab) under
infinitesimal coordinate transformations, which is given by:
δAsur =
1
8πG
∫
V
d4x
√−g∇a(Rab ξb) (7)
We shall provide a quick derivation of Eq.(7) since this result is not found in
standard text books. This can be obtained directly by varying Eq.(2) but a
cleverer procedure is the following: Recall that, Asur in Eq.(2) is the usual
extrinsic curvature term which is added to Hilbert action, in order to cancel the
variation in the term involving the second derivatives of the metric (see e.g.,
Appendix A of ref.[2]). Hence it follows that the variation of (−Asur) is the
same as that of the second derivative term in Hilbert action, mentioned (and
then ignored) in standard textbooks while deriving the Einstein’s equations.
Therefore, we have the result:
δ(−Asur) = 1
16πG
∫
V
d4x
√−ggabδRab (8)
We will now show that under xa → x¯a = xa + ξa, the integrand in Eq.(8) is√−ggabδRab = −2√−g∇a(Rabξb), thereby establishing Eq.(7). To do this, note
that
δ[
√−gR] = −√−g∇a(Rξa) =
√−g[Gabδgab + gabδRab] (9)
The first equality follows from the fact that the local functional variation,
δ[
√−gQ(x)], of any scalar density √−gQ(x) made from a generally covariant
scalar Q(x), is δ[
√−gQ(x)] = −√−g∇a(Qξa). The second equality in Eq.(9)
is a standard text book result for δ[
√−gR]. Using δgab = ∇aξb + ∇bξa, and
∇aGab = 0 we now get:
−√−g∇a(Rξa) = 2
√−g∇a[(Rab − 1
2
gabR)ξ
b] +
√−ggabδRab (10)
= 2
√−g∇a(Rabξb)−
√−g∇a(Rξa) +
√−ggabδRab
which immediately leads to the result
√−ggabδRab = −2√−g∇a(Rabξb) com-
pleting the proof of Eq.(7).
The rest is straightforward. The integration of the divergences in Eqs.(6),(7)
leads to surface terms which contribute only on the horizon, since ξa is nonzero
only on the horizon. Further, since ξa is in the direction of the normal, the
demand 0 = δAtot = δAsur+δAmatter leads to the result (R
a
b −8πGT ab )ξbξa = 0.
Using the fact that ξa is arbitrary except for being a null vector, this requires
Rab − 8πGT ab = F (g)δab , where F is an arbitrary function of the metric. Finally,
since ∇aT ab = 0 identically, Rab − F (g)δab must have identical zero divergence;
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so F must have the form F = (1/2)R+ Λ where R is the scalar curvature and
Λ is an undetermined (alas!) cosmological constant. The resulting equation is
Rab − (1/2)Rδab + Λδab = 8πGT ab (11)
which is identical to Einstein’s equation. Nowhere did we need the bulk term in
Einstein’s action! And the dynamics is independent of ui as it should.
We stress that this is a totally new, self-contained, perspective on gravity.
In this approach, the action functional for the continuum spacetime is
Atot = Asur +Amatter =
1
16πG
∫
∂V
d3x
√−gncQ bcda Γabd +
∫
V
d4x
√−gLmatter
(12)
in which matter lives in the bulk V while the gravity contributes on the bound-
ary ∂V. When the boundary has a part which acts as a horizon for a class of
observers, we demand that the action should be invariant under virtual displace-
ments of this horizon. This leads to Einstein’s theory. Since Asur is related to
the entropy, its variation, when the horizon is moved infinitesimally, is equiv-
alent to the change in the entropy dS due to virtual work. The variation of
the matter term contributes the PdV and dE terms and the entire variational
principle is equivalent to the thermodynamic identity TdS = dE+PdV applied
to the changes when a horizon undergoes a virtual displacement. In the case
of spherically symmetric spacetimes, for example, it can be explicitly demon-
strated [6] that the Einstein’s equations follow from the thermodynamic identity
applied to horizon displacements. Since the current observations on dark en-
ergy is consistent [see e.g.,[7]] with an asymptotically deSitter universe with a
horizon, this result will have implications for the explanation of cosmological
constant [see [8] for some possibilities].
The result also shows that Einstein’s theory has an intrinsic holography. The
standard description is in terms of Lbulk and we have now shown that it has
a dual description in terms of Lsur. It was noticed earlier [2] that there is a
remarkable relation between these two terms
√−gLsur = −∂a
(
gik
∂
√−gLbulk
∂(∂agik)
)
(13)
which has no explanation in standard approach. The current analysis shows that
the horizon entropy and resulting thermodynamics for local Rindler observers
(based on Lsur) leads to the same dynamics as that based on Lbulk, showing
their interdependence.
Given the true microscopic degrees of freedom of spacetime (say, qi) and an
action Amicro describing them, the integration of exp(−Amicro) over qi, should
lead to our exp(−Asur) as well as to the metric tensor, which is a macroscopic
concept in the continuum limit, analogous to, say, the density field of a solid.
(This approach has a long history[3] but our result gives it a different, precise
and elegant characterization). In the variation xa → x¯a = xa + ξa the ξa(x)
is similar to the displacement vector used, for example, in the study of elastic
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solids. The true degrees of freedom are some unknown ‘atoms of spacetime’ but
in the continuum limit, the displacement xa → x¯a = xa + ξa(x) captures the
relevant dynamics, just like in the study of elastic properties of the continuum
solid. Further, it can be shown that the horizons in the spacetime are similar
to defects in the solid so that their displacement costs entropy. 1
Our demand that accelerated observers with horizons should be able to do
consistent physics, with variables accessible to them, turns out to be as powerful
in determining the dynamics of gravity, as the principle of equivalence (applied
to inertial observers) was in determining the kinematics of gravity.
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